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Keywords: For isolated oceanic structures above sea level in synoptic-scale wind fields, shielding causes a wind wake with

Co.ntinental shelf waves reduced wind intensity on the lee side of the structure. This generates a wind-stress curl that may act as a source

x’“j fa"]i‘s term for continental shelf waves (CSWs) propagating around the structure, if the bottom is sloping. We inves-
Ind wakes

tigate CSW propagation in the case where the structure (a wind farm or an island) is circular and the depth over
the shelf slope increases exponentially with radial distance. For free waves, the wave number, and hence the
frequency, is quantized. We demonstrate that for circular banks with narrow continental margins, the resulting
eigenfrequencies are close to those obtained for a straight shelf. Modelling the stress in the wind wake as a
solitary pulse that moves along a straight shelf, we find, in the absence of friction, a forced solution that increases
linearly in time when the pulse moves with the same speed as the free wave speed. For strong winds over longer
periods of time, the along-shore wave velocity in the case of resonance may be of the order m/s for topographic
parameters characteristic of the Taiwan Bank. Velocities of this magnitude could potentially cause harmful
erosion as well as affect the ecosystem on the bank slopes.

Resonance due to wind forcing

1. Introduction

Free CSWs are basically governed by the conservation of potential
vorticity. The angular frequency is smaller than the inertial frequency,
and the wave phase propagates with shallow water on the right-hand
side in the northern hemisphere (Longuet-Higgins, 1965). For the case
of a straight shelf, the classic treatment of free CSWs is that of Buchwald
and Adams (1968); see e.g., the review by Brink (1991). For trapping
around banks or islands, the results are qualitatively as for a straight
shelf, except that the wavelength around the bank (and hence the fre-
quency) is quantized (Huthnance, 2001).

Usually, CSWs are generated by the presence of synoptic-scale at-
mospheric low-pressure systems (typical dimensions 1000 km, or more)
through the action of the surface wind-stress curl; see Gill and Schumann
(1974) (hereafter referred to as GS74). This forcing may conveniently be
divided into two parts; one which is a wind-stress curl that does not
depend on depth, and one which is proportional to the cross-shore depth
gradient times the alongshore wind stress. The latter is proportional to
the Ekman transport towards the coast in the surface layer. For that
reason, we denote this part as the Ekman forcing. The typical wave-
length of a CSW is often very large (of the order of the synoptic storm
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scale). In that case, the associated depth-independent wind-stress curl is
small and can be neglected in the wave generation process. Hence, the
onshore-offshore Ekman forcing dominates in this case (GS74). Since the
total normal flux must vanish at the shore, the resulting compensating
offshore-onshore flow across isobaths at lower depths induces the vortex
stretching associated with CSW propagation.

For offshore wind farms, the forcing conditions may be different. As
shown in the reduced-gravity model study of wind farms by Brostrom
(2008), a rather strong small-scale wind-stress curl (typical dimension
100 km) occurs in the wind wake; see also Christiansen et al. (2022).
This forcing has a lateral extent of the same order as the width of the
wind farm itself and creates upwelling and downwelling patterns
through divergence in the upper-layer Ekman transport. However, for a
wind farm with a sloping shelf, such a small-scale wind-stress curl may
also induce CSWs with a wavelength that is comparable to the lateral
dimension of the wind farm. Hence, it should be possible to have CSWs
propagating along the bottom contours of wind farms. In this case, the
depth-independent wind-stress curl may be of the same order, or larger,
than the previously described Ekman forcing by GS74. We will
demonstrate that this is the case for the forcing by a wind that changes
direction, and hence induces a wake that moves around the bank.
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The environmental consequences of CSWs could be important. The
wave velocity components may enhance the amount of bottom material
in suspension, and the associated Lagrangian mean drift (Weber and
Drivdal, 2012) may redistribute suspended sediments, organic material
and pollution. The group velocity of the CSWs (and hence the energy
flux) will depend on the shelf geometry, and may be positive, negative or
even zero for realistic geometries. In the last case, there will be an
accumulation of wave energy in the region (the wind wake) where the
waves are generated. Furthermore, if the wind stress field move with the
same speed as that of free CSWs, resonance may occur. This may lead to
large current velocities (of the order m/s) which could cause harmful
erosion and increased vertical mixing.

The rest of this paper is structured as follows: Section 2 presents the
mathematical formulation of this problem and Section 3 describes the
motion in cylindrical polar coordinates. Section 4 discusses free CSWs on
a circular shelf and presents solutions in the form of Whittaker functions.
In Section 5, we introduce an idealized bank geometry, and calculate
eigenfrequencies for selected quantized wave numbers around the bank.
Section 6 compares CSW solutions for a radially symmetric shelf and a
straight shelf, and Section 7 solves the forced problem on a straight shelf
for a wind-stress pulse moving with constant speed. In Section 8 we
discuss the conditions for resonant forcing, and calculate the time-
increasing wave velocity for strong winds. Finally, Section 9 contains
a discussion and some concluding remarks.

2. Mathematical formulation

We consider CSWs in a barotropic ocean generated by wind stress at
the surface. In Cartesian coordinates, the horizontal x, y axes are situated
at the undisturbed ocean surface, and the z axis is directed vertically
upwards. The ocean surface is given by 2 = 5(x,y,t), where t denotes
time, and the bottom profile is 2 = — H(x,Y). Neglecting the effect of
bottom friction, and using the shallow water approximation, we can
write the linearized equations for the wave motion (GS74) as

U~ fU) = — gHiy, + T, €]
U+ U = —gHn, + TV, @
ne=—UY -0 ®)

Here f is the constant Coriolis parameter, g is the acceleration due to
gravity, U, UY) are the volume fluxes and T™, T®) are the surface wind
stresses per unit density in the x and y directions, respectively. For
brevity, we use subscripts to denote partial differentiation.

We assume that we can neglect the surface divergence 7, in (3), (but
not the surface gradients in (1) and (2)). This is referred to as the rigid lid
approximation. In that case, we can introduce a stream function y such
that U™ = —y, and UY) = y,. For this to be valid, the squared width B2
of the shelf must be small compared to the squared barotropic Rossby
radius of deformation gH,q/f?, i.e., f2B?/(gHmia)<1, where Hy;q is an
averaged depth over the shelf. A thorough discussion of the validity of
this approximation is found in GS74 and Brink (1983).

2.1. A straight shelf

For didactic reasons, we first recapitulate this problem for a straight
coast aligned along the x axis where H = H(y), as in GS74; see Fig. 1.

Here H = H, exp(2by) for 0 <y < B, where b is a measure of the
steepness of the shelf slope. Furthermore, at the coast, v(y = 0) = 0.
Cross-differentiating and adding (1) and (2), using the rigid lid
approximation, we then obtain

Voo + Vo — (H [ H)[wy +fyr] =T = T + (H | H)TY @

Here ’ = d/dy. For free waves over an exponential shelf, continued by a
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Fig. 1. Sketch of a straight continental shelf.

flat bottom (Buchwald and Adams, 1968), the boundary condition at the
coasty = Oisy = 0. At the shelf edge y = B, we must have continuity of
volume fluxes and pressure (here surface elevation); see e.g., Weber and
Drivdal (2012). This leads to

W, + &y =0,y =8, (5a)

where « is the wave number in the x direction. In GS74, it was pointed
out that for long CSW, it is a good approximation to assume vanishing
alongshore velocity at the slope edge, i.e.,

v,(y=B)=0. (5b)

This also follows from (5a) for small wave numbers.
In GS74 the length scale in the x direction was assumed to be very

large. Hence, the wind-stress curl T,&y ) _ T}(,X) on the right-hand side of (4)
was assumed to be negligibly small compared to the Ekman forcing

(H/ JH)T®. It is far from certain that these assumptions hold for a wind
farm, so we must keep both forcing terms in (4). In the present paper, we
consider isolated structures in the open ocean. To do that, it is conve-
nient to introduce cylindrical polar coordinates.

3. Cylindrical geometry

We consider an idealized situation with a circular bank or island, and
describe the motion in cylindrical polar coordinates r,0,z. The radial and
angular coordinates r,0 depend on the Cartesian coordinates x,y
through the relations x =r cos 6, y = rsin 0 . The angular coordinate 0,
defined from the polar axis (here the x axis) is positive in the counter-
clockwise direction; see Fig. 2.

Defining the radial and angular volume fluxes as

U" = U¥cos 0 + UYsin 0, 6)
U® = —U%sin 6 + UYcos 6, )
equations (1) and (2) can be written

U - fu® = — gHny, + T, ®
U? 4 fU" = —gHr 1y, + T, )
where the radial and angular wind stress components are

T" = T™cos § + TYsin 6, 10)
T = —T®sin @ + TYcos 6. an

Assuming rigid lid as before, the radial and angular volume fluxes
become in terms of the stream function y:

UM = —rly,, (12)
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Fig. 2. Schematic diagram of a circular shelf.

U = v, 13
The governing equations can then be written

_r71 47 _fl//r = - anr + T(r>7 (14)

Wy —frly, = — gHr 'y, + TY. (15)

Most banks are generally irregularly shaped, but the main feature is a
shallow region surrounded by (much) deeper water. For a pure nu-
merical model analysis, this poses no problems. However, for compari-
son with analytical results, the bank geometry must be idealized. For this
reason, we adopt a bank topography which constitutes a circular version
of the straight exponential continental shelf by Buchwald and Adams
(1968), i.e.

H:{Hoexp2b(r—R0)7R0§r§R 16

H, exp 2b(R — Ry), r > R.

Here Ry, R define the lateral extent of the slope region; see the sketch in
Fig. 3.
In our analysis, we ignore the fluid motion on top of the bank, which
is assumed to be very shallow. Hence, our fluid domainisRy < r < oo.
In the case of exponentially increasing depth, it is advantageous to
modify the stream function (Rhines, 1969; Gill, 1982) through the
definition

w=H"2¢(r,0), a7
WIND FARM
\ O\
OCEAN SURFACE A~ 11
Ry R r
g —y—a— | ———a—a——
H 0 -
1
BANK SLOPE |
OCEAN BANK |
|

OCEAN BOTTOM

Fig. 3. Conceptual sketch of a wind farm on a shallow idealized bank.
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and derive a single equation in terms of ¢ . Thus, by eliminating  from
(14) and (15), we obtain

Py + r’lrpn + r’ztpt% + (br’1 - bz)(pt + 2bfr’1(p0 =G, (18)
where the atmospheric forcing term G can be written
G=H"2[ - 2bT® 47! { (rT®), — T}, (19)

As mentioned in Section 1, CSWs can be generated by the passage of
cyclones and anti-cyclones across (or along) the shelf. In the pioneering
laboratory experiments in an annular channel by Caldwell et al. (1972),
this was achieved by moving a paddle periodically in the radial direc-
tion. Here, the width of the paddle was varied according to the wave-
length of the expected motion. In this way, a continuous CSW frequency
spectrum as function of wave number was generated. In Caldwell et al.
(1972), the bottom profile was parabolic, and the correspondence be-
tween measured frequencies and numerically obtained frequencies from
the governing equations, were quite good.

In the ocean, we do not expect that the wind stress will behave in
such an orderly way. More likely, we will have bursts of wind of some
limited duration. For an isolated structure, the spatial variation of the
wind stress due to shielding will be of the same order as the structure
itself. This may initiate a wave, or a group of waves, which subsequently
are left to themselves.

4. Free waves on a radially symmetric shelf

The free wave motion is obtained from the homogenous part of (18).
A trapped wave, after describing one complete circuit around the bank,
will remain in phase with itself. Consequently, since a bottom contour is
circular with circumference L = 2zr at a given distance r from the cen-
ter, a wave propagating along this contour must have a wavelength A
that satisfies L/2 = m, where m is an integer. Since the wave number k is
defined by k = 2z/4, we have that

k=m/r, m=1,23. (20)

Hence, the wave number forms a discrete set in this case; see Lon-
guet-Higgins (1967) for gravity waves, or Huthnance (2001) for CSWs
around an island. In Fig. 4 we have sketched the wave motion around a
radially symmetric shelf.

The perturbation solution for free waves in the case of radial sym-
metry can be written (Longuet-Higgins, 1967; Rhines, 1969) as

@ =Q(r)exp i(krf + wt) = Q(r)exp i(mf + wt), (21)

where we have used (20). Here, Q(r) is the eigenfunction in the radial
direction and o is the angular wave frequency. Since the phase of CSWs
in the northern hemisphere moves with shallow water to the right
(Longuet-Higgins, 1965), and 0 is positive in the counter-clockwise di-
rection, the frequency o is positive in this problem. This is demonstrated
in the model calculations in Section 5. Since (21) can be written

@ = Q(r)exp ik(r6 + (w/k)t), (22)
we realize that the phase speed ¢ becomes

c=w/k=wr/m, m=1,23,. (23)

This means that the lines of constant phase are radial, and move
clockwise around the bank in time t = L/c = mzr, where 7 is the wave
period.

By inserting (21) into (18), the equation for Q becomes:

Q +r7'Q +[2bmf / (re) +b /r— b* —m* / r*]Q=0, @24

where the prime now denotes differentiation with respect to r. Equation
(24), with given integer m and slope steepness b, defines an eigenvalue
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Fig. 4. Conceptual sketch of normalized radial velocities u) in CSWs around a
circular shelf for m = 3 (red) and m = 5 (blue). The arrows denote direction of
phase propagation (shallow water to the right in the northern hemisphere).
Outer black circle corresponds to the shelf edge R in Fig. 3, and the coastal inner
boundary is given by Ry = 0.6R. The depicted waves propagate along the circle
r = 0.8R.

problem for w for known boundary values of Qatr = Ry, andr = R.
It is convenient to introduce the length scale B =R — Ry into this
problem. Then, we may define a non-dimensional coordinate ¢ by

{=r/B. (25)
Now, (24) can be written
&*Q/d?+(1/¢)dQ/d; — [a* —p /¢ +m® [ *]Q=0. (26)

Here we have defined 6 = w/f,a=bBandp =a(2m /o + 1).
The solution of (26) for the eigenfunctions can be expressed in terms
of the WhittakerM function and the WhittakerW function as

Q = ¢V2(¢, WhittakerM[p/(2a), m, 2a¢ ]
+ C,WhittakerW[p/(2a),m, 2a¢ ), (27)

where Ci, C; are arbitrary constants. The WhittakerM and WhittakerW
functions can be defined in terms of the hypergeometric and Kummer
functions (Abramowitz and Stegun, 1965; Luke, 1969).

From the geometry in (16), we must have zero radial volume flux at
¢ ={o = Ro/B. Hence,

Q(¢o)=0. (28)

This means that (27) can be written

Q=Qo¢/*{WhittakerM[p / (2a),m, 2a] — KoWhittakerW[p / (2a),m, 2aZ]},

where Qo is a constant and

Ko = WhittakerM[p / (2a), m, 2a{,] / WhittakerW|p / (2a),m, 2a¢,).
(30)
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Table 1
Eigenvalues ¢ = w/f (radial mode 1) from (37) for increasing values of m.
m 1 2 3 5 10
o 0.094 0.178 0.231 0.312 0.335

We shall adopt the long-wave assumption in this paper. With refer-
ence to (5b), this means that we take the tangential velocity to vanish at
the shelf edger =R, or y,(R) = 0. From the definition (17), this leads to

¢, +bp=0, r=R. (31)

In (31) we have that ¢, ~ (7 /B)¢. Assuming that bB/r<1, the second
term in (31) becomes negligibly small. Then our boundary condition at
the shelf edge becomes

¢,(r=B)=0. 32)

From (16), we note that this condition holds if

bB/z=(1/2x)In[H(R) / Ho|<1. (33)

We shall find that for some banks in shallow seas, suitable for wind
farms, condition (33) is fairly well satisfied. It should be remembered
from (20), that the discrete wavelengths for a circular shelf are given by
A = 2zr/m. Hence, long waves in this paper means that m must be a
small integer.

In terms of Q in (21), the boundary condition at the shelf edge
becomes

dQ/d{ =0, {=¢ =R/B. (34

Applying (34), we obtain an implicit dispersion relation for the
eigenfrequencies o of this problem. Defining

q: = ¢"*WhittakerM [p/(2a),m, 2af], (35)
q; = {"/*WhittakerW [p/(2a),m, 2a¢], (36)

the dispersion relation can be written

(dq1/df),_;, — Ko(dgz/dl),,, =0, 37
where Kj is given by (30).
5. Model bank

The free wave solutions are given by the geometry of the continental
margin. Very shallow circular banks, or flat islands with the shelf
topography described in this paper, are rarely found in nature. However,
our motivation for applying the particular geometry in this paper is to
reveal the physics related to shelf dynamics without having to apply
numerical ocean models.

Among actual wind farm sites, the Dogger Bank in the North Sea and
the Taiwan Bank in the Taiwan Strait have some features that come close
to our idealized model bank. The nearly circular Taiwan bank is prob-
ably the best fit; see Liao et al. (2018). The typical topographical di-
mensions are: Rp =60 km, B =15 km, Hy =20 m, H(r =R) =60 m. In
this case

(29)

bB / 7 = (27) 'In(H(R)/H, ) = 0.17. (38)
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Hence, (33) is fairly well satisfied. For the geometry in this example, the
solutions to the dispersion relation (37) for radial mode n = 1 are listed
in Table 1.

We note from Table 1 thato > 0, i.e., clock-wise phase propagation
with shallow water to the right, as could be anticipated from Lon-
guet-Higgins (1965). As a check on the computed eigenvalues, we also
solved the Storm-Liouville problem defined by (26), (28) and (34) by a
simple numerical shooting procedure. The results confirmed those pre-
sented in Table 1.

6. Comparison between straight and radially symmetric shelves

The results in the previous section can be qualitatively understood by
comparison with CSWs on a straight shelf with the coast in the x di-
rection; see the discussion in sub-section 2.1. As in the case of a circular
shelf, we consider long waves; i.e., u(y = B) = 0 (Buchwald and Adams,
1968; GS74). Free CSWs are governed by the homogeneous part of (4).
Introducing

w=H"2¢p(y)exp i(kx — ot), (39)
the left-hand side of (4) reduces to
d*p /dy* — [b* +k* — 2kfb / w|=0. (40)

For the long wave case, the boundary conditions are

»=0, y=0, (41)
dp/dy =0, y =B. (42)

Hence, the solution to this eigenvalue problem can be written

@=Asinly, (43)
where
l=1,=(2n-1)z/(2B), n=1,23... (44)

Then, from (40), the dispersion relation becomes

0.0015

0.0010

k (m™1)

0 0.0005

Fig. 5. Non-dimensional frequency w/f from (45) as function of k for the first
n =1 (red line) and second n = 2 (black line) CSW mode for topographic pa-
rameters similar to an idealized Taiwan Bank; see Section 5.
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w=2kbf / (b*+ K> +12). (45)

We take that B=15km and b = 3.66 x 107 ° m™!, as in Section 5. In
Fig. 5 we have plotted w/f as function of k forn=1and n = 2.

For the circular shelf discussed in Section 5, we must have k = m/r to
ensure that the wave remains in phase with itself after one complete
circuit; see (20). To obtain a mean value for a narrow circular shelf, we
assume that r corresponds to the mid line of our computational domain.
Hence, the discrete set of wave numbers is given by

k=m/(Ry +B/2), m=1,2,3,. (46)

We now insert these discrete k values into the straight shelf dispersion
relation (45). The results for mode n = 1 are listed in Table 2.

By comparison with the results in Table 1 for a circular shelf (values
in parentheses), we note that the frequencies for discrete k-modes in a
circular and a straight shelf are very similar for the geometry applied
here.

A notable feature with free CSWs propagating along closed bottom
contours, is that the wavelength has an upper limit and becomes dis-
cretized; see e.g., (20). From Fig. 5, we note that the admissible waves
form > 1 have ¢; =dw/dk > 0. Hence, for a time-periodic wind stress
with a curl in a localized area, wave energy will propagate with shallow
water to the right (in the same direction as the wave phase) till the
circular continental margin is filled with waves. A steady pattern is
obtained when each wave remains in phase with itself after one com-
plete circuit.

7. Forced waves on a narrow straight shelf

So far, we have studied free CSWs on a radially-symmetric shelf and
compared the results with similar motion on a straight shelf. For the
applied geometry, the computed eigenfrequencies become very similar.
In order to investigate the response to given wind forcing, we continue
with the straight shelf model. This simplifies the algebra considerably,
while at the same time captures the physics involved. It should be
mentioned, however, that alongshore variations in coastline curvature
or offshore depth profile can create localized regions of CSW propaga-
tion with modes decaying outside these regions. This interesting prob-
lem has been discussed by Rodney and Johnson (2015), but is outside
the scope of the present investigation.

For an isolated wind farm in a synoptic-scale wind field, the reduced
wind stress in the down-stream wake will basically be directed normal to
the isobaths. In the case of a straight shelf, this means that T® = 0 in
(4). Returning to our discussion of the CSW forcing in Section 1, we note
that in this case, the Ekman forcing by GS74 vanishes identically.
Furthermore, the normal wind stress T®) will vary in the direction
parallel to the isobaths over a distance D, which is of the order of the
wind farm diameter.

There are basically two ways the wind field can act. Firstly, we have
prevailing winds with a constant direction, varying in time. If this
variation is periodical, we have a similar situation to the one modelled in
the laboratory by a moving paddle across the channel. The wave gen-
eration in this case is treated in Caldwell et al. (1972), and we will not
discuss it further.

Table 2

Non-dimensional frequency ¢ = w/f and wave number from (45) and (46) for
increasing values of m for the first radial mode n = 1. Frequencies in parentheses
are values from Table 1 for a circular shelf.

m 1 2 3 5 10
k(1/ 1.48 x 2.96 x 44x10°° 7.4x 1075 1.48 x
m) 107° 107° 104

4 0.087 0.165 0.228 0.305 0.317
(0.094) (0.178) (0.231) (0.312) (0.335)
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Secondly, the wind direction may change in time. This means that a
wind-stress pulse of finite width D may move along the slope (and
around the bank) at a given speed C. We will pursue this idea further. It
is a novel approach, and it leads to some interesting results.

For simplicity, we take that the pulse speed C is constant. In dis-
cussing this problem for a straight shelf, we model the moving solitary
pulse as

TY =T — T, sechla(x — Ct)], (47)

where a = 1/D. Here T is the constant upstream wind stress, while Ty
and a are determined by the density of wind mills and the lateral
extension of the wind farm.

)

In this case, the only non-zero forcing term in (4) is T, Introducing
w=H"2®(x,y,t), (48)
we find from (4) that
Do + Pryy — bP®, — 2bf &, = Hy /*TY) exp( — by), (49)

where T is given by (47).

We solve the non-homogeneous problem (49) by expanding after the
orthogonal eigenfunctions ¢,(y) of the free wave problem (GS74). This
procedure is standard, and we defer the details to Appendix A.

The general solution for the stream function (48) then becomes

w(x,y,t) =HoB '/? exp(by) >  F"(x,t)sin(l,y). (50)

n=1

Here [, is defined by (44), and by replacing (xi, t1) by (x,t), we have from
(A.14) that

F" (x, t) = [ancaTo / (2bf (ca — C))] [sech a(x — Ct) — sech a(x — c,t)],
(51)

where a, is given by (A.7). We note from (50) that we get a response at
two different velocities when we apply a pulse-type forcing, namely the
forcing speed C, and the speed c, of free long waves. This is similar to
GS74, who considered the forcing from a wind system in the form of a
long progressive wave.

8. Resonant forcing
8.1. Mathematical solution

Similar to the forcing by a long progressive wave in GS74, we notice
from (51) that we have resonance when C—cy, i.e., when the forcing by
the isolated pulse and the free wave travel with the same speed in the
same direction. In this long-wave problem, the along-shelf wave velocity
component u is much larger than the cross-shelf component. It is
therefore most interesting to investigate the resonant growth of the u
component. The largest values of u occurs at the boundary y = 0 (closest
to the wind farm). From (50), withu = — vy /H, we obtain that

u(y=0)=
—[To/ (HoBbf)]Z[cn / (ca — C)][sech a(x — Ct) — sech a(x — c,t)],
7 (52)

where we have used that b?<[2. Taking the limit C— c,, we readily find
from (52) that

uly=0)= —[Tot/ (H()Bbf)]E:c,l sech(a(x — c,t))tanh(a(x — ct)).

n=1

(53)

Thus, from (53), we find that the amplitude of u increases linearly with
time in this limit. We note that resonance for long waves (C = c,) is only
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possible if the speed of the wind-stress pulse is such that

C < ¢, = 8Bf /2, (54)

where we have used that b><2 in (A.10).

8.2. Numerical estimates

We note that the forced wave velocity (53) is directly proportional to
the maximum sea surface wind stress deficit Ty behind the wind farm;
see (47). The determination of the deficit T, as function of wind speed
and down-stream direction is by no means trivial. In most studies, it is
not the stress deficit in the wake, but the wind speed deficit (in percent
of the upstream wind) that is reported. From satellite synthetic aperture
radar data for wind farms in the German Bight, Djath and
Schulz-Stellenfleth (2019) report maximum deficit values ranging from
10 to 25 percent, using different estimation techniques. Christiansen
et al. (2022) find that in the same region that the average maximum
wind speed deficit is about 8 percent. But some of the estimates are
nearly twice this value.

To assess possible hazards caused by CSWs along wind farm slopes,
we should consider the generation by strong wind events lasting over
several days, and also apply wind deficits above average values. As we
have shown, our results for the wave kinematics of a straight shelf and a
circular shelf are very similar when we apply the Taiwan Bank param-
eters (shelf width, depth) described in Section 5. Hence, the width of the
wind stress pulse D is taken to be 2Rg, so @ = 1/D = 8.33 x 10°® m~! in
(53). With the Taiwan bank parameters, we find that f2B%/(gHq) =
0.006, where B = R — Ry and H,;;g = 40 m. This means that the rigid-lid
approximation discussed in Section 2 is clearly valid in this case.

The Taiwan Strait has a noticeable northeast monsoon in winter,
where the wind speed on the ground could reach 24.5 — 28.4ms™!
(Cheng et al., 2020). Hence, for a case study, we assume that the up-
stream wind velocity is 20 m s~!. Furthermore, from the previous dis-
cussion, we take that the maximum wind deficit is 15 percent in the
wind wake. By calculating the resulting wind stresses per unit density,
taking the drag coefficient cp at the sea surface to be 1.9 x 103, we find
that Tp = 2.53 x 10~ m? 572 in (53). In this example, we consider the
gravest across-shelf mode n = 1. In Fig. 6, we have plotted the resonant

-024

-0.4-

x/D

Fig. 6. Resonant horizontal along-shore wave component u at y = 0 as function
of the non-dimensional alongshore length for C = ¢; at various times t. Red: t =
3 days, black: t = 5 days, blue: t = 7 days, brown: t = 10 days.
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velocity u(y = 0) from (53) at various times.

We note from Fig. 6 that the along-shore CSW velocity in the case of
resonance is not negligible. For strong winds lasting for a week, or more,
velocities at the bottom are of the order 0.4 ms~!. Velocities of this
magnitude could potentially cause harmful erosion on the bank slopes.

For given n, all long waves move with the same phase speed (A.10).
Hence the resonance on a straight shelf is not dependent of any specific
wave number k, as long as it is small. This is interesting with the possible
application to a circular wind farm with discrete eigenfrequencies. Then
waves with small m are most likely to resonate with the forcing. It should
be remarked, however, that the inclusion of a small bottom friction re-
duces the amplitude growth (GS74). Still, the result depicted in Fig. 6
clearly indicates that, in certain cases, a rotating external wind field
forming a wind wake that travels around the bank, may induce CSWs
with velocities that could cause erosion as well as affect the ecosystem
on the bank slopes.

9. Discussion and concluding remarks

Electricity produced by wind farms is an adequate response to the
quest for renewable energy. However, on land, such farms may come
into conflict with traditional rights for animal husbandry, or the visual
impact of wind farms may harm tourism. If windfarms are situated
sufficiently far offshore, such problems are avoided. However, offshore
windfarms may generate local problems related the marine environ-
ment; see e.g., van Berkel et al. (2020), since they often are located on
shallow banks with a rich and diverse marine ecosystem.

In this paper, we consider a new aspect related to the presence of
wind farms on ocean banks. We show that the wind wake due to the
presence of wind turbines may induce topographic low frequency waves

Appendix A. Mathematical details
In our simple case, the orthogonal eigenfunctions are; see (43):

@.(y) =Ansin (Ly), I, = (2n—1)z/(2B).

Accordingly, we may write for the solution of (49) that

D=3 F (x,09,(9),
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that propagate around the bank. Such waves may cause erosion on the
bank slopes, which may damage the foundations of the wind turbines
and their interconnections. This is particularly the case when resonance
occurs, i.e., when the forcing field from the wind wake propagates with
the same speed as that of free long waves.

As mentioned before, we are well aware that shallow banks with the
topography discussed in this paper may not be found in the real ocean.
The depth conditions (16) chosen here, are done for mathematical
convenience. However, CSWs arising from the conservation of potential
vorticity on a sloping continental margin, is a very robust phenomenon.
Qualitatively, it does not depend on details of the margin, as long as it is
sloping. This is clearly demonstrated in the experiments of Caldwell
et al. (1972), who considered a parabolic bottom slope. We have here
pointed out the possible existence of CSWs around isolated wind farms
in a barotropic ocean. To the authors’ knowledge, this has not been done
before. Hopefully, future numerical investigations of trapped topo-
graphic waves related to offshore wind farms may benefit from the re-
sults of the present analytical study.
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(A.1)

(A.2)

where F™ is determined by the forcing term on the right-hand side. We normalize the eigenfunctions by assuming

B 1
/ (/’m(/)ndyZEHo(sﬂlﬂ'
0

Then,
A2=H,/B.

(A.3)

(A.4)

Inserting (A.2) into (49), multiplying by ¢,,(y), integrate across the continental margin, and using (A.3), we arrive at

F — (> + B)F" — 2bfF® = a,P(x,t),

where

P(x,t) =aT, sechja(x — Ct)|tanh[a(x — Ct)],

and

an =2, / [HoB"/*(b* +12)].

(A.5)

(A.6)

(A7)

We take that the horizontal scale of the forcing field D (proportional to the diameter of the wind park) is much larger than the width of the shelf
region B. This characterizes long waves on a narrow shelf. Accordingly, we may assume in (A.5) that
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|Fie| = (0 + 1) |FY.
Then, we can write (A.5) as

¢'F™ + F™ — —a,P(x,t) / (2bf).

Here,

= 20f /(7 ).

which is the speed of free long CSWs along the shelf.
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(A.8)

(A.9)

(A.10)

The governing equation (A.9) may readily be solved by the method of characteristics; see e.g., GS74. Defining the characteristics = t—x/ ¢, =
const., and £ = x as a position on the characteristic, we can take ( £,s) as new independent variables of the problem. Hence, (A.9) can be written

F" = — (asaTo / (2bf))secha(1 — C/ ca)¢ — aCsltanh[a(1 — C / c,)é — aCs].

(A11)

We now integrate (A.11) along the characteristic s = t; — x1 /c, to obtain the solution at a later position (xj,t; ). For the starting point, we assume that

x = &;, where F™ vanishes. Then, by integration

F®(x1,t1) = [anTo / (2bf(1 — C / ¢))IM(x1, 1),

where

M=sech[a{(1—C/cy)x1 — C(t; —x1 / cn)}] — sechla{(1—C/cn)& — C(t1 — X1 / cn)}]

(A.12)

(A.13)

Initially, we assume that the wind stress starts acting at t = 0 when x = &;. Then, since x — ¢yt = X1 — cqt1, we have that & = x; — cpty. Inserting into

(A.13), we find

F(xy,t1) = [ancaTo / (2bf (¢, — C))] [sech a(x; — Cty) — sech a(x; — cuty)].
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