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 A B S T R A C T

A semi-analytical method much faster than typical computational and experimental methods is developed 
to quantify how wave energy converter arrays (‘‘wave farms’’) affect nearshore currents and beach erosion 
through modifying ocean waves. The method provides a semi-analytical initial design tool for evaluating coastal 
impacts of wave farms. The method integrates an existing semi-analytical wave farm model with a nearshore 
current model; the latter is a rip current model, here it is modified to tackle the wave field produced by 
wave energy converter arrays. The method is validated against a classic example and compared to results 
from numerical simulations and wave basin experiments, for an array of 16 oscillating water column devices. 
The method is then implemented optimise the 16-device array to increase its ability to protect the beach. It is 
found that the arrays most effective for beach protection also perform well in energy generation. This suggests 
that prioritising beach protection does not necessarily compromise energy generation performance.
1. Introduction

Wave-energy converters (WECs) extract renewable energy from 
ocean waves, mostly for conversion to electricity. While many classes of 
WECs have been successfully trialled, their levelised cost of electricity 
(LCOE) is at present too high to compete directly with the best-
established forms of renewable energy; a recent summary of WEC 
LCOEs analyses [1] suggests a 2025 value over €200 per megawatt-
hour, over six times the cost of onshore wind [2]. However, reviews 
have increasingly emphasised that WECs also offer unique coastal-
protection opportunities [3–5], which may completely alter their eco-
nomic viability as renewable-energy generators.

With demonstrations [e.g. 6] that coastal flooding will become more 
frequent, the demand for coastal protection is increasing. Conventional 
coastal protection methods such as submerged breakwaters [7] and 
surface-piercing breakwaters [8] are usually fixed and cannot actively 
adapt to an evolving environment. New, adaptive coastal protection 
technologies are being developed; these include dual-purpose WECs
aimed at both influencing the coastal environment and simultaneously 
generating renewable energy. Designed as resonators to interact with 
incoming waves, these dual-purpose WECs offer a high degree of tun-
ability [9,10] and they are proposed to be deployed in the form of 
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arrays (farms) to exploit favourable inter-device hydrodynamic interac-
tions [11]. By changing device tuning and array layout, it is possible for 
an array to adapt to a changing climate. Examples of laboratory-scale 
offshore dual-purpose WEC arrays [12,13] are shown in Fig.  1, together 
with a beach it intends to protect. Although these particular array 
layouts will not be discussed in this paper (as they were not designed to 
measure nearshore currents), elements from these experiments, such as 
equipment, basin set-up, and beach geometry, will be revisited in the 
later sections of this paper.

Some general considerations are needed when developing dual-
purpose offshore WEC arrays. These include (1) describing the be-
haviour of an individual device; (2) characterising inter-device hydro-
dynamic interactions, and (3) evaluating the WEC array’s coastal im-
pacts. Computational [e.g. 14,15] and experimental approaches [e.g. 12,
16] yield relatively more accurate results but they are limited by the 
cost, thus they can be impractical for comparing many (e.g. 𝑂(104)) 
different WEC array layouts required for design optimisation pur-
pose. Semi-analytical or analytical methods are faster and are hence 
able to compare a large number of designs. For example, in [17], a 
semi-analytical method is developed to seek a WEC array layout that 
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Fig. 1. (a) a dual-purpose offshore wave energy converter (WEC) array (black-coloured) tested in the 28 × 16 m wave basin of the Water Research Laboratory 
(WRL) of the University of New South Wales (Australia) with an initially 2D artificial beach (as shown). The WECs are L-shaped oscillating water column (OWC) 
devices with effective length of 565 mm and rectangular cross-section measuring 0.2 × 0.3 m. They are each equipped with an orifice of 35 mm diameter to 
represent power-take-off (PTO). More details can be found in the Supplementary Material. All 16 devices have the same specifications. The basin is shown empty 
but when filled with water, the offshore water depth is 0.586 m; (b) due to wave modification by the WEC array, the 2D beach is modified to 3D. The peak 
period of the incident wave (JONSWAP spectrum) is 𝑇p = 1.6 s. Note that the array layout in panel (a) differs from (b); many different array layouts are tested 
in [12].
e 
Fig. 2.  Profile of the initially 2D laboratory beach used in Fig.  1. Drawn 
to scale. Grey-coloured region represents the beach; SWL is still water level. 
Waves incident from right to left.

reduces wave amplitude as much as possible, quantified by the size 
of a ‘‘wave shadow’’ in which the transmission coefficient is reduced. 
While existing semi-analytical methods focus on modifying waves, 
coastal protection is about more than attenuating waves, as revealed 
by the experiments in [12]. Wave-induced nearshore currents are also 
important, as two WEC arrays producing similar-sized wave shadows 
can lead to very different nearshore currents, and cause dissimilar 
beach erosion and accretion modes. In addition to erosion, nearshore 
currents can also affect beach-related sports and leisure activities
[e.g. 18,19] which can impact a significant number of beach users: 
during 2011–2021, in Australia alone, 3.7 million beach users were 
trapped by rip currents [20]. Moreover, intertidal organisms and aqua-
culture can be affected by currents [21,22]. These necessitate a nearshor
current model to supplement the wave model in [17].

In view of the above needs, this paper (i) develops a fast semi-
analytical method to relate the wave shadow generated by a dual-
purpose WEC array to nearshore currents, (ii) relates these currents 
to beach erosion, and (iii) finds the optimal WEC array layouts that 
create desirable nearshore currents. This paper approaches the task (i) 
by extending the method in a seminal paper [23] (which is limited 
to a wave shadow with relatively simple shape, see Appendix  A) to 
arbitrary-shaped wave shadows such as those generated by some WEC 
arrays. Task (ii) is resolved by a semi-empirical formula. Task (iii) is 
2 
accomplished by a straightforward optimisation routine. On an entry-
level personal laptop computer, all three tasks can be performed within 
20 min for a laboratory-scale 16-device WEC array for simple wave 
conditions and canonical bathymetries.

This paper is structured as follows. Section 2 explains the phe-
nomenon of nearshore currents and extends the semi-analytical method 
for nearshore currents proposed by [23] to generic cases (i.e. wave 
shadows with arbitrary shapes). Although such an extension does not 
require a new mathematical paradigm, it involves new algebraic details 
and to ensure the repeatability of results, many additional intermediate 
steps neglected in [23] are provided in full detail in the Supplementary 
Material. Section 3 validates the calculated nearshore currents against 
recent numerical and experimental results. Section 4 relates nearshore 
currents to beach modification by a formula proposed by [24], and 
discusses how the desired beach modifications can be obtained by 
optimising the WEC array layout, leading to two new WEC array 
designs under two different design goals. Finally, Section 5 summarises 
the key findings and limitations of the paper.

2. Nearshore currents: phenomenology and modelling

It should be mentioned at the beginning that the nearshore current 
model does not include ambient ocean currents; instead, it focuses on 
wave-induced currents only.

Mathematical models for nearshore currents are of limited appli-
cability to natural beaches [25], but it is expected that they can 
be of value in terms of order-of-magnitude estimations and physical 
explanations. A classic model is due to [23]; but before diving into 
details of any model, this section discusses first the phenomenon to be 
modelled.

It is convenient and conventional to parse the velocity of the 
nearshore currents into cross-shore (perpendicular to the coastline, 𝑥) 
and longshore (parallel to the coastline, 𝑦) components. The velocity 
can also be in the 𝑧-direction (perpendicular to the still water surface, 
see [e.g. 26]), but as an initial study, one can assume that the flow 
structures are predominantly horizontal [e.g. 27] so that the 𝑧-velocity 
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Fig. 3.  Cross-shore currents on Bells Beach, Victoria, Australia. (a) ‘‘up-
rush’’, i.e. bore travelling up the beach after wave breaking; (b) ‘‘backwash’’ 
(‘‘swash rip currents’’), featuring currents flowing offshore (cf. Fig. 7 of [31]). 
Photographs taken by L.C. on 5 April 2015, at 1207 and 1210 local times, 
respectively. Location: 38◦ 22′ 3.7′′ S, 144◦ 17′ 5.9′′ E.

is neglected. Cross-shore currents are explained first; longshore currents 
are explained subsequently.

2.1. Phenomenology and physical mechanisms

2.1.1. Cross-shore currents due to set-up and set-down
While perfect cross-shore currents are not expected to exist on 

natural beaches, on some beaches, the currents can be predominantly 
cross-shore. Fig.  3 shows such a case: breaking wave induced cross-
shore currents dominant at Bells Beach (Victoria, Australia) despite 
local longshore currents created by beach cusps [e.g. 28,29].

From a modelling point of view, cross-shore currents are water flows 
from the high mean water line (MWL) region (i.e. set-up region) to 
the low MWL region (i.e. set-down region) due to gravity. The low 
MWL region corresponds to the shoaling zone (i.e. before the waves 
break on the beach): as surface waves travel up the beach, water depth 
becomes shallower, wave height increases, and radiation stress rises, 
which lowers the MWL [e.g. 23,30], causing set-down. The high MWL 
region corresponds to the surf zone where wave height is reduced due 
to breaking, and the sign of the radiation stress is reversed; this raises 
the MWL, causing set-up.

To illustrate set-down and set-up in a controlled laboratory envi-
ronment, consider the experiment set-up from [12], where a small, 
idealistic, initially-2D model sandy beach is used, see Fig.  1. Fig.  2 
depicts the beach diagrammatically. This 2D beach’s slope is 1∕15 and 
it extends to an offshore water depth of 0.586 m.

At this stage, consider the case without WEC array, to illustrate 
nearshore currents. Monochromatic surface waves are generated with 
offshore wave height 𝐻0 = 0.05 m and wave period 𝑇 = 1.6 s, normally 
incident onto the beach. When the wave encounters the beach, it 
undergoes shoaling and eventually breaks (cf. Fig.  1b). The associated 
set-down and set-up of MWL are quantified using the method in the 
Supplementary Material, and are plotted in Fig.  4. Fig.  4 contains the 
following key information:
3 
Fig. 4. Semi-analytical plots of wave elevation and mean water level (MWL) 
for the 2D beach shown in Fig.  2. Monochromatic waves incident from the 
right side of the figure; offshore wave height is 0.05 m (amplitude: 0.025 m); 
period is 1.6 s. - - - - indicates instantaneous surface wave elevation; wave 
height envelope is indicated by - - - -; MWL is represented by —— in the 
shoaling zone (before wave-breaking); —— indicates MWL in the surf zone 
(after wave-breaking). The wave breaking location is marked by a vertical 
dotted black line at 𝑥 ≈ 1.02 m.

(1) the original offshore wave height 𝐻0 slightly increases as the 
wave propagates towards the coastline, due to conservation of 
mass in the shoaling process;

(2) set-down: the MWL decreases as (1) takes place;
(3) set-up: the MWL increases as the wave height quickly decreases 

once the wave breaks and becomes a bore that continues to 
proceed up the beach, creating the surf zone;

(4) a cross-shore current will be created, flowing offshore (the current 
is not shown in Fig.  4).

Also observable in Fig.  4 is run-up (red dashed lines in the surf zone: 
broken wave height). It is the sum of setup and half the swash height 
(oscillatory motion of broken waves) [32]. 

2.1.2. Longshore currents due to inhomogeneous set-up
Although pure cross-shore currents may be produced on a labora-

tory 2D beach with 2D long-crested normally-incident waves, the Na-
ture always provides 3D features that lead to spanwise-inhomogeneous 
set-up and set-down, which leads to spanwise variations in MWL, which 
leads to longshore currents. One mechanism to cause such spanwise 
variations is visible in Fig.  3(b): beach cusps change the local slope 
of the beach and increase the local MWL. Other mechanisms include 
oblique waves [33], wave–current interaction [34], bathymetric irreg-
ularities beyond the surf zone [35], intersecting ocean wave trains [36], 
and rip channels [37].

In the context of this paper, the spanwise variations will be caused 
by the spanwise inhomogeneities in offshore wave height 𝐻0 generated 
by presence of WEC arrays. Specifically, an array creates a ‘‘wave 
shadow’’ [17], in which 𝐻0 is reduced; a beach section corresponding to 
lower 𝐻0 receives lower set-up (lower MWL), and vice versa. Water thus 
flows from the high MWL to the low MWL region, generating longshore 
currents. The details of such spanwise variations in 𝐻0 depend on 
the WEC array layout, providing an opportunity of finding optimal 
spanwise variations that maximises beach protection.

2.2. Modelling

2.2.1. Cross-shore currents: revisiting a classic theory
We explain very briefly how in Fig.  4 the quantities, which lead to 

cross-shore currents, can be calculated by the classic theory in [23]. 
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Fig. 5.  A schematic of nearshore hydrodynamics near a 2D beach (cf. Fig. 
4). On the 𝑥-axis, 𝑥b is the wave breaking location, 𝑥s is the location of 
the maximum set-up, 𝑥0 marks the end of the beach slope. In the offshore 
water (𝑥 > 𝑥0), set-down of the MWL (mean water level) is measured by 
𝜂̄0. In the shoaling zone (𝑥0 > 𝑥 > 𝑥b), set-down is 𝜂̄sh(𝑥); in the surf zone 
(𝑥s < 𝑥 < 𝑥b), set-down is 𝜂̄bore(𝑥); at the wave breaking point (𝑥 = 𝑥b), set-
down is 𝜂̄br. Moreover, 𝛽 is the beach’s angle satisfying 𝛽 = tan−1 𝑚̃ where 𝑚̃ is 
the beach slope. Offshore water depth is 𝑑0; in the shoaling zone, water depth 
is 𝑑sh(𝑥); in the surf zone, 𝑑bore(𝑥); at the wave breaking point, 𝑑br. 𝐻0, 𝑘0 are 
offshore incident wave height and wave number. The beach is uniform on the 
𝑦-direction (not shown). Interested readers can also refer to Fig. 2 of [38] for 
a broader perspective of nearshore processes.

Here we merely explain the symbol system and present the mod-
elling framework, while leaving the algebraic details in the Supplemen-
tary Material which contains step-by-step derivations of some results 
in [23].

To facilitate analysis, Fig.  4 is re-drawn to Fig.  5, where waves 
quantities are removed (only mean water levels are shown), and scales 
are distorted for clarity. In Fig.  5, the 𝑥-axis is placed at the still water 
line SWL; the 𝑧-axis is placed at the intersection of the SWL and the 
beach. The beach is described by its slope 𝑚̃. The offshore (where the 
bottom is flat) set-down 𝜂̄0 as a function of 𝐻0, 𝑘0, ℎ0 (the offshore 
wave height, wavenumber, and still water depth) is first determined 
by a well-known formula [30,39]. With 𝜂̄0 determined, the water depth 
measured against MWL, denoted by 𝑑0, is determined by ℎ0 − 𝜂̄0.

Next, the set-down in the shoaling zone (from the start of the beach 
𝑥0 to the wave breaking point 𝑥b), denoted by 𝜂̄sh(𝑥), is determined [23,
40] as a function of 𝐻0, 𝑘0, 𝑘(𝑥), ℎ(𝑥) where 𝑘(𝑥) and ℎ(𝑥) are local 
wavenumber and still water depth; they change with 𝑥 due to the 
beach slope. With 𝜂̄sh(𝑥) determined, the water depth measured against 
MWL before wave breaking, denoted by 𝑑sh (see Fig.  5), is determined 
by 𝜂̄sh(𝑥) + ℎ(𝑥). The aforementioned wave breaking location 𝑥b and 
the water depth at the wave breaking location, ℎb, are determined by 
empirical formulas (the wave height in the shoaling zone 𝐻sh can also 
be calculated by the method in [40] and it appeared in Fig.  4 but not 
in Fig.  5, as it is less relevant to the ensuing sections of this paper). 

Onto the surf zone (𝑥 < 𝑥b), the set-up 𝜂̄bore is calculated as a 
function of 𝛾, 𝑚̃, 𝑥 where 𝛾 is an empirical constant ranging from 0.90 
to 1.28 [40]. In this paper, 1.15 is used. A matching condition ensures 
the continuity of 𝜂̄bore and 𝜂̄sh at 𝑥b. The left-extreme of the surf zone is 
marked by a negative number 𝑥s; it is the intersection location of 𝜂̄bore
and the beach. In the surf zone, the water depth measured against MWL 
is denoted by 𝑑bore and the wave (bore) height 𝐻bore is calculated by 
the following formula [23]: 

(1)
𝐻bore(𝑥) = 𝛾𝑚̃(1 −𝐾)(𝑥 − 𝑥s).

4 
where 

𝐾 = 1

1 + 8
3𝛾2

. (2)

Once 𝐻bore is given by Eq. (1), the water depth 𝑑bore (see Fig.  5) is 
given by: 

𝑑bore =
𝐻bore
𝛾

. (3)

Both Eqs.  (1) and (3) are used later in calculating nearshore currents.

2.2.2. Baseline model of longshore currents and present extensions for wave 
farm applications

𝐻bore(𝑥) expressed by Eq. (1) is 𝑦-independent. When the 𝑦-
independency is lost, longshore currents can be created which, when 
combined with cross-shore currents, creates nearshore circulations. 
In [23], it is assumed that 𝐻bore(𝑥, 𝑦) has a sinusoidal variation in the 
𝑦-direction specified by 1 + 𝜖 cos(𝜆𝑦): 

𝐻bore(𝑥, 𝑦) = 𝛾𝑚̃(1 −𝐾)(𝑥 − 𝑥s) [1 + 𝜖 cos(𝜆𝑦)] (4)

where 𝜖 is a small parameter and 𝜆 is a wavenumber in the 𝑦 direction. 
In this paper, to deal with WEC-generated wave fields, we generalise 
the above sinusoidal function to an arbitrary function 𝑓 (𝑦) with the 
expectation that it can be approximated by a Fourier series with a finite 
number of sinusoidal modes: 

𝐻bore(𝑥, 𝑦) = 𝛾𝑚̃(1 −𝐾)(𝑥 − 𝑥s)𝑓 (𝑦); (5)

𝑓 (𝑦) = a0 +
𝑁
∑

𝑛=1
a𝑛 cos(𝑛𝜆𝑦 + 𝜃𝑛), (6)

where a0 is a real constant, usually closer to 1 than to 0 for typical 
sparse WEC arrays, a𝑛 are real constants usually much smaller than 1, 
𝜃𝑛 are phase angles, 𝑛 and 𝑁 are integers. In the case of WEC modelling, 
𝑓 (𝑦) is the incident wave’s transmission coefficient function 𝑓 (𝑥, 𝑦) eval-
uated at a particular offshore 𝑥 location of interest. It can be given by 
a wave–WEC interaction model [17]. Here the transmission coefficient 
is defined as the amplitude of waves normalised by the incident wave 
amplitude. When it equals 1, the wave height is not changed; when it 
equals 0, all waves are eliminated. The functional form of 𝑓 (𝑦) can be 
rather complicated, such that sometimes approximately ten modes are 
necessary in Eq. (6). Now define a real-valued quantity 𝐵𝑛 that contains 
a𝑛 (in Eq. (6)): 

𝐵𝑛 ≡ −1
4
g𝛾2𝑚̃(1 −𝐾)𝑛𝜆a𝑛 (where g ≈ 9.81 m∕s2), (7)

and define a stream function 𝜓 in the surf zone. Using the method 
in [23] but extending the method to accommodate the arbitrary form of 
𝑓 (𝑦) presented by Eq. (6), the following governing equation is obtained 
(see Supplementary Material for a derivation): 

1
𝑑bore(𝑥)2

∇2𝜓 − 2
𝑑bore(𝑥)3

𝑚̃(1 −𝐾)
𝜕𝜓
𝜕𝑥

=
𝑁
∑

𝑛=1

𝐵𝑛
𝑐

sin(𝑛𝜆𝑦 + 𝜃𝑛) (8)

where 𝑐 is an empirical bottom friction coefficient. When 𝑓 (𝑦) = 1 +
𝜖 cos(𝜆𝑦), the RHS of Eq. (8) recovers Eq. (34) of [23]. The boundary 
condition for Eq. (8) reads [23]: 

𝜓(𝑥s, 𝑦) = 0, (9)

which physically indicates that there is no flow past 𝑥s (cf. Fig.  5).
The system consisting Eq.  (8), (9) can be solved using the approach 

in [23] although the algebraic details are different due to a more 
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complicated 𝑓 (𝑦). The following solution is appropriate: 

𝜓 =
𝑁
∑

𝑛=1
𝜓𝑛

=
𝑁
∑

𝑛=1
sin(𝑛𝜆𝑦 + 𝜃𝑛)

{

𝑃𝑛
[

𝑛𝜆(𝑥 − 𝑥s) cosh 𝑛𝜆(𝑥 − 𝑥s) − sinh 𝑛𝜆(𝑥 − 𝑥s)
]

+

𝐵𝑛𝑚̃2(1 −𝐾2)
𝑐(𝑛𝜆)4

[

2 − (𝑛𝜆)2(𝑥 − 𝑥s)2 + 2𝑛𝜆(𝑥 − 𝑥s) sinh 𝑛𝜆(𝑥 − 𝑥s)

−2 cosh 𝑛𝜆(𝑥 − 𝑥s)
]

}

,

(10)

where 𝑃𝑛 are unknown coefficients. Note that when 𝑁 = 1, 𝜃1 = 0, the 
above becomes Eq. (35) of [23] if 𝐵1 ≡ 𝐵, 𝑃1 ≡ 𝑃 .

Now the stream function in the shoaling zone is discussed. Denote 
the solution in the shoaling zone by 𝜓 sh. The governing equation for 
𝜓 sh is Eq. (8) without forcing terms and with 𝑑bore(𝑥) replaced by 𝑑sh(𝑥):

1
𝑑sh(𝑥)2

∇2𝜓 sh − 2
𝑑sh(𝑥)3

𝑚̃(1 −𝐾)
𝜕𝜓 sh

𝜕𝑥
= 0. (11)

The solution below holds: 

𝜓 sh =
𝑁
∑

𝑛=1
𝜓 sh𝑛

=
𝑁
∑

𝑛=1
𝑄𝑛

[

𝑛𝜆(𝑥 − 𝑥s) + 1
]

e−𝑛𝜆(𝑥−𝑥s) sin(𝑛𝜆𝑦 + 𝜃𝑛),

(12)

where 𝑄𝑛 are unknown coefficients. When 𝑁 = 1, 𝜃1 = 0, 𝑄1 ≡ 𝑄, 
Eq. (12) becomes Eq. (36) of [23]. The unknown coefficients 𝑃𝑛, 𝑄𝑛 in 
Eqs. (10), (12) are determined by the following matching conditions 
at wave breaking location 𝑥b which states that streamfunctions in the 
shoaling and surf zones should match: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜓𝑛 = 𝜓 sh𝑛
|

|

|𝑥=𝑥b
,

𝜕𝜓𝑛
𝜕𝑥

=
𝜕𝜓 sh𝑛
𝜕𝑥

|

|

|

|

|𝑥=𝑥b

.
(13)

Now that 𝜓𝑛 and 𝜓 sh𝑛  are determined, 𝜓 and 𝜓 sh can be calculated. The 
surf zone current velocities 𝑢 and 𝑣, and the shoaling zone velocities 
𝑢sh and 𝑣sh are specified by [23]: 

𝑢 = − 1
𝑑bore(𝑥)

𝜕𝜓
𝜕𝑦
, 𝑣 = 1

𝑑bore(𝑥)
𝜕𝜓
𝜕𝑥

;

𝑢sh = − 1
𝑑bore(𝑥)

𝜕𝜓sh
𝜕𝑦

, 𝑣sh = 1
𝑑bore(𝑥)

𝜕𝜓sh
𝜕𝑥

,
(14)

yielding 
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𝑢 = −
𝜕𝜓
𝜕𝑦

1
𝑑bore(𝑥)

= −
𝜕𝜓
𝜕𝑦

1
𝑚̃(1 −𝐾)(𝑥 − 𝑥s)

;

𝑣 =
𝜕𝜓
𝜕𝑥

1
𝑑bore(𝑥)

=
𝜕𝜓
𝜕𝑥

1
𝑚̃(1 −𝐾)(𝑥 − 𝑥s)

;

𝑢sh = −
𝜕𝜓 sh

𝜕𝑦
1

𝑑sh(𝑥)
= −

𝜕𝜓 sh

𝜕𝑦
1

ℎ − 1
16
𝐻2

0𝑘0
1

tanh2(𝑘ℎ) [sinh(𝑘ℎ) cosh(𝑘ℎ) + 𝑘ℎ]

;

𝑣sh =
𝜕𝜓 sh

𝜕𝑥
1

𝑑sh(𝑥)
=
𝜕𝜓 sh

𝜕𝑥
1

ℎ − 1
16
𝐻2

0𝑘0
1

tanh2(𝑘ℎ) [sinh(𝑘ℎ) cosh(𝑘ℎ) + 𝑘ℎ]

.

(15)

As a summary, we note that it is clear that the details of 𝑓 (𝑦) are 
crucial in determining nearshore currents, because the key outcome, 
the streamfunction Eq. (10), contains 𝐵𝑛 which, according to Eq. (7), 
contains a  which, according to Eq. (6), are coefficients in 𝑓 (𝑦).
𝑛

5 
Fig. 6. Reproducing parts of Fig. 3 of [14] by the method in this paper. Panel 
(a) shows the function 𝑓 (𝑦) (cf. Eq. (6)), obtained from the black curve in Fig. 
3(d) of [14], with appropriate smoothing and normalisation. Red dots are data 
points extracted from Fig. 3(d) of [14] while the blue curve is the Fourier series 
fit. Panel (b) shows the resulting averaged longshore current velocity 𝑉 . Red 
curve: present calculation; black dots: data extracted from Fig. 3 (j) of [14].

3. Comparing modelled currents with existing results

Validation/comparison is performed in increasing order of realism: 
(i) recovery of a classic analytical result, (ii) comparison with phase-
resolving numerical simulations, and (iii) qualitative comparison with 
laboratory experiments.

3.1. Baseline validation: comparing modelled currents with results in [23]

Using the original, sinusoidal 𝑓 (𝑦) in [23] (see Eq. (4)) and calculate 
nearshore currents, the results are presented in Appendix  A, which 
shows that the present method can recover results in [23] almost 
exactly, as it should be, hence providing a basic validation of the 
algebraic details of the current model which is an extension of [23].

3.2. Comparing modelled currents with a numerical example

Through a phase-resolving numerical wave model, [14] considers 
full-scale straight beaches affected by WEC farms. The scope of [14] 
overlaps with the present paper; hence it is of interest to assess whether 
the semi-analytical method of the present paper can recover their 
results. Their 2500-metre-wide straight beach has a slope of 𝑚̃ = 1∕50, 
extending to an offshore water depth of 20 m. The paper uses as the 
base wave condition the JONSWAP spectrum with significant wave 
height 𝐻s of 2 m, a peak period 𝑇p of 10 s, and directional spreading 
𝜎𝜃 = 10◦. Wave farms are located offshore and produce a ‘‘wave 
shadow’’ so that breaking wave heights along the beach are modified, 
producing longshore currents.

In principle, one cannot expect the results in [14] to be replicated 
accurately by the present work, because we use monochromatic and 
normally-incident incident waves with 𝜎𝜃 = 0◦, rather than a direc-
tional JONSWAP spectrum. To proceed, we assume a monochromatic 
wave with 𝐻0 = 𝐻𝑠 and 𝑇 = 𝑇p can be used as a proxy of the JONSWAP 
spectrum. The expectation is then that the calculated results should 
be qualitatively similar to the results in [14]; no exact quantitative 
agreements are expected in this initial research.

Among the many cases discussed in [14], we only consider one 
case: see their Fig.  3(a). For this case, the WEC-induced wave shadow 
function is given by their Fig.  3(d) in the form of breaking wave 
height 𝐻  as a function of 𝑦. After filtering out the fluctuations and 
b
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Fig. 7. 16 OWCs arranged to a ‘‘breakwater’’ configuration (no spacing 
between devices). Although the beach is initially straight, at the end of the 
experiment (after the impact of 54000 incoming waves), a salient is formed 
in the photo, due to nearshore currents. Taken from [12]. See also Fig.  8(d) 
for the salient.

normalising, Fig.  6(a) of the present paper is obtained, which is used as 
the function 𝑓 (𝑦) needed to calculate nearshore currents using Eq. (8). 
Note that we do not have access to the WEC array specifications and 
the array’s hydrodynamic model, so that we cannot calculate wave field 
around the array. However, because 𝑓 (𝑦) is given, nearshore currents 
can still be calculated. To compare with [14], we set 𝑐 = 0.00778 in 
Eq. (8). A proxy quantity for nearshore currents, denoted by 𝑉 , the surf 
zone averaged longshore current is defined, to represent the aggregated 
effects of nearshore currents: 

𝑉 (𝑦) =
∫ 𝑥b𝑥s 𝑣d𝑥
𝑥b − 𝑥s

, (16)

i.e. the cross-shore (𝑥-direction) average of the depth-averaged Eulerian 
longshore velocity 𝑣 (Eq. (15)). A positive (negative) 𝑉  indicates flow 
towards the positive (negative) 𝑦-axis. The results, as well as the 
extracted data from Fig. 3(j) of [14], are shown in Fig.  6(b). Qualitative 
agreement is observed.

Overall, although simplifications are introduced, the method cap-
tures the key features of a case attempting to model a realistic scenario.

3.3. Comparing calculated currents with basin experiments

Results from an experiment conducted in [12] are now revisited. A 
16-device OWC array arranged to a ‘‘wall’’ or a ‘‘breakwater’’ (i.e. no 
space between adjacent devices), placed at the end of the beach (𝑥 =
8.79 m, see Fig.  7) is studied. The array position in the coordinate 
system is shown in Fig.  8(a). The normalised wave shadow function 
𝑓 (𝑦) is measured at 𝑥 = 5.25 m by wave probes (Fig.  8b) and it is 
assumed that its shape persists until the wave breaking point 𝑥 =
𝑥b = 0.861 m (the value of 𝑥b is calculated in the Supplementary 
Material). Although such an assumption leads to error, it is required, 
as no measurement was carried out during the experiment for 𝑥 < 5.25
m.

With the above-mentioned 𝑓 (𝑦), nearshore currents are calculated, 
with the empirical coefficient 𝑐 chosen to be 0.03 in Eq. (8). The results 
are shown in Fig.  8(c), using 𝑇 = 1.6 s and 𝐻0 = 0.05 m to represent the 
JONSWAP spectrum used in [12] which used 𝑇p = 1.6 s and 𝐻s = 0.05
m. The ‘‘V’’ shaped wave shadow in Fig.  8(b) leads to a pair of dominant 
nearshore circulation cells in panel (c). The calculated currents concur 
in terms of general direction with the dye experiment observations in 
panel (d) of Fig.  8.

Some additional comments are in order:

(1) arrows in Fig.  8(c) only indicate current directions but not mag-
nitudes; the latter are shown by colour grading;

(2) in Fig.  8(c), outside of the surf zone (𝑥 > 𝑥b), the current 
velocity quickly diminishes, evidenced by the blue colour which 
represents near-zero velocity;
6 
Fig. 8. Beach erosion due to a wall-shaped WEC array in [12] involving 16 
OWCs. (a): top view of the OWC array layout, using black dots to indicate 
locations of WECs; (b) measured wave shadow function 𝑓 (𝑦) at 𝑥 = 5.25 m. 
Red dots: wave probe data; blue curve: Fourier series fit; (c) nearshore current 
calculated with 𝑐 = 0.03. Arrows indicate current direction, while colour scales 
show current speed (m/s); (d) Using the same coordinate system as sub-plot 
(c) but using a different plot range for 𝑥, nearshore circulation patterns are 
inferred from the observed directions of dye transport (reproduced from [12]). 
Yellow arrows indicate the dominant current direction, while the magenta 
arrow denotes the initial spreading of the dye immediately after release. The 
image is an overlay of three time-separated frames extracted from a video, 
with the dye colourised differently at each timestamp to illustrate its temporal 
evolution. The arrows were determined qualitatively by visual inspection of 
the video and are intended as indicative only.

(3) the choice 𝑐 = 0.03 for plotting Fig.  8(c) is arbitrary; it ensures 
that the resulting current velocities are of the correct order of 
magnitude. The true value of 𝑐 will almost certainly be different, 
but since it only changes the magnitudes (i.e. not the directions) 
of the currents, it will not affect the topology in Fig.  8(c);

(4) a quantitative comparison between Fig.  8(c) and (d) is impossible, 
due to the assumptions made and due also to the fact that the 
beach used to generate Fig.  8(c) is perfectly 2D, while the beach 
in Fig.  8(d) is the already-modified beach (showing 3D features).

Overall, although [12] did not focus on quantifying currents, the 
dye experiment in [12] as shown in Fig.  8(d) does not contradict 
with the calculated results shown in Fig.  8(c). This encourages further 
experiments dedicated to nearshore currents for more quantitative 
comparisons.

4. Sediment transport, beach erosion, power, and array optimisa-
tion

Having obtained nearshore currents, their geomorphological con-
sequence is examined. We calculate a quantity called bulk longshore 
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sediment transport rate, whose gradient can quantify beach erosion or ac-
cretion. We then find array that maximises beach accretion or instead, 
leads to a ‘‘smooth’’ shaped beach. The power-generation ability of 
these arrays is compared against a maximum-power array at the end of 
this
section.

4.1. Sediment transport model: based on bulk longshore sediment transport 
rate

The following formula for the bulk longshore sediment transport 
rate, 𝑄ls, is proposed in [24]: 

𝑄ls =
𝜀

(𝜌s − 𝜌)(1 − 𝜑)g𝑤s
𝐹𝑉 (17)

where 𝜌s is the density of sediment (1500 kg∕m3 in [14], 1320 kg/m3

in [12]), 𝜌 is the water density (1000 kg/m3), 𝜑 is the sediment porosity 
(0.4 in [14] and approximately 0.55 for [12]), 𝑤s is the sediment fall 
velocity (0.03 m/s in [14], 0.016 m/s for [12] according to a formula 
given by [41]). The surf-zone averaged longshore velocity 𝑉  is defined 
by Eq. (16). The wave energy flux (wave power) 𝐹  is given by 𝐹 = 𝐸𝑐g
where the wave energy density 𝐸 for the incident monochromatic wave 
with wave height 𝐻 is defined by

𝐸 = 1
8
𝜌g𝐻2,

and the group velocity 𝑐g is calculated by (using 𝜔2 = g𝑘 tanh(𝑘ℎ)): 

𝑐g =
d𝜔
d𝑘 = 𝜔

2𝑘

[

1 + 2𝑘ℎ
sinh(2𝑘ℎ)

]

, (18)

where 𝐻,ℎ, 𝑘 are evaluated at the wave breaking location 𝑥b. Finally, 
𝜀 in Eq. (17) is a transport coefficient, which should be distinguished 
from the small parameter 𝜖 in Eq. (4).

4.2. Erosion metrics

The gradient of 𝑄ls along the beach is given by 
d𝑄ls
d𝑦 (19)

which is directly related to beach erosion or accretion: a positive 
d𝑄ls∕d𝑦 suggests an increase in sediment transport as 𝑦 increases, which 
implies a sediment loss (deficit), leading to beach erosion. Conversely, 
a negative gradient signifies that the longshore transport decreases, 
which leads to beach accretion. Hence, if one plots −d𝑄ls∕d𝑦 (note 
the deliberately added negative sign) along a beach, and calculates the 
ratio of the negative area (erosion zones) to the positive area (accretion 
zones), a ratio greater than 1 suggests that the total accretion outweighs 
erosion, so the beach grows in volume. The absolute value of d𝑄ls∕d𝑦
for a given 𝑦 determines how fast the sediment is being deposited or 
removed (rate of growth) at that 𝑦.

4.3. Comparing beach erosion with the example in Section 3.2

In [14], the precise value of 𝜀 in Eq. (17) is not given, but we 
estimate that 𝜀 ≈ 0.012 and use it in this paper. The exact value of 
𝜀 does not change the topology of the 𝑄ls curve in this paper, and it is 
the topology that we are most interested in.

For the case in Section 3.2, calculating 𝑄ls and −d𝑄ls∕d𝑦 using 
the formula listed in Section 4.1, the results are plotted in Fig.  9; 
the figure can be compared directly to Fig. 7(a) of [14]; qualitative 
agreements in trends are obtained, although quantitative comparisons 
are not attempted due to the model simplifications as well as the 
assumptions explained in Section 3.2.
7 
Fig. 9. Reproducing Fig. 7(a) of [14] by the method in this paper. Panel (a) 
shows longshore sediment transport rate 𝑄ls given by Eq. (17) with 𝜀 = 0.012; 
panel (b) shows −d𝑄ls∕d𝑦; green shadings refer to beach accretion while 
red shadings correspond to beach erosion. Combining the two panels gives 
Fig. 7(a) of [14].

Fig. 10. Beach erosion due to the initial 𝑓 (𝑦) introduced in Section 4.4.2. (a) 
the initial 𝑓 (𝑦) curve; (b): −d𝑄ls∕d𝑦; green refers to beach accretion while red, 
erosion.

4.4. Design objective I: maximising net accretion

4.4.1. An area ratio
It was explained in Section 4.2 that the positive area of the −d𝑄ls∕d𝑦

curve corresponds to beach growth, while the negative area suggests 
beach erosion. Define the ratio of the positive area relative to the 
negative area as a growth factor, G: 

G ≡
positive area of the (−d𝑄ls∕d𝑦) curve
negative area of the (−d𝑄ls∕d𝑦) curve

. (20)

It is understood that even when other parameters (e.g. the area under 
the 𝑓 (𝑦) curve) are controlled, G is still not the sole criterion in grading 
the performance of WEC arrays, because the uneven distribution of 
G along the beach is also important. In this sense, G is only one of 
the criteria; pursuing a large G is primarily of academic interest; it 
is unlikely to become the final design criterion. In what follows, we 
first focus on finding a 𝑓 (𝑦) curve that maximises G without discussing 
which WEC array can create it. After this, we move on to consider WEC 
arrays.

4.4.2. Which f  (y) curve yields a large growth factor?
In this sub-section, G for a multitude of 𝑓 (𝑦) curves with the same 

area but different shapes are compared, with the aim of finding which 
𝑓 (𝑦) curve maximises G. The 𝑓 (𝑦) curves are discussed without the 
context of WEC arrays.

To facilitate future experimental studies, the beach considered here 
will be the same as that in [12], i.e. Fig.  2, spanning over 𝑦 = (−7, 7)
m. Offshore monochromatic wave height is 𝐻0 = 0.05 m, with period 
𝑇 = 1.6 s.

The starting 𝑓 (𝑦) is ‘‘V’’ shaped (the blue curve in Fig.  10a, inspired 
by the shape of 𝑓 (𝑦) in Fig.  8b), with an area coefficient 𝑐A = 0.9. The 
area coefficient 𝑐A is defined as: 

𝑐 ≡
∫ 𝐿−𝐿 𝑓 (𝑦)d𝑦 (21)
A 2𝐿
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Fig. 11. (a) an optimised 𝑓 (𝑦) (red dashed) compared with the initial 𝑓 (𝑦)
(blue). Note the plot range is from 0.80 to 1.00; (b): −d𝑄ls∕d𝑦 curve, for which 
G = 1.342.

where 2𝐿 is the length of the beach. The corresponding −d𝑄ls∕d𝑦 curve 
is given in Fig.  10(b), for which G = 1.244. Although this value is 
already decent, we seek to further increase G, via changing the shape 
of 𝑓 (𝑦). The following constraints are imposed when searching for the 
optimum:

(1) regardless of the shape of 𝑓 (𝑦), 𝑐A must be within 0.9 ± 0.01;
(2) 𝑓 (𝑦) must be symmetrical about 𝑦 = 0;
(3) at the two ends of the beach, i.e. 𝑦 = −𝐿 = −7 m and 𝑦 = 𝐿 = 7

m, it is required that 𝑓 (𝑦) = 1. This is an arbitrary but reasonable 
and convenient value;

(4) random perturbations are imposed to the 15 red-coloured data 
points on the initial 𝑓 (𝑦) to obtain new data points that defines 
a new 𝑓 (𝑦), with which G is calculated. If G is greater than 
1.244, then the new 𝑓 (𝑦) is used as the new basis for further 
optimisations. This is repeated until the maximum number of 
iterations is exhausted;

With the maximum number of iterations set to 300, the optimisation 
routine produces the 𝑓 (𝑦) curve in Fig.  11(a) (dashed red curve); the 
time to carry out the optimisation is approximately 20 min on a Dell 
Inspiron laptop computer equipped with an Intel Core i7 8558U CPU 
(base frequency 1.80 GHz) with 7.90 GB RAM, on Windows 10 (64-bit) 
operating system. The new 𝑓 (𝑦) curve deviates from the original 𝑓 (𝑦)
in that the ‘‘valley’’ at 𝑦 = 0 is shallower, and the removed area is 
re-distributed to 𝑦 = ±6. The resulting G value calculated according to 
Fig.  11(b) is 1.342.

Note that strictly, the ‘‘optimum’’ 𝑓 (𝑦) curve shown in Fig.  11(a) 
is not the true optimum, because (1) the optimisation routine only 
performs a limited number of iterations; (2) the optimisation scheme 
relies on random perturbations to create new 𝑓 (𝑦). However, running 
the optimisation routine multiple times, most runs produce a similar-
shaped 𝑓 (𝑦) curve with a similar G value, suggesting that the 𝑓 (𝑦) curve 
found by such a method is one of the robust solutions.

4.4.3. WEC array producing maximum net accretion
Now consider a model WEC array suitable for the wave basin test 

shown in Fig.  1 for protecting the laboratory beach shown in Fig.  2. 
The key result will be a layout of WEC array generating a suitable 𝑓 (𝑦)
leading to a relatively large G value. The optimisation procedure itself 
is simple and is described in Appendix  B; here we focus on the resulting 
hydrodynamic and geomorphological effects.

The resulting array layout suggested for the basin is shown in Fig. 
12(a), together with the transmission coefficient of incident waves 
around the array. Taking a slice of Fig.  12(a) at 𝑥 = 2.75 m, one 
obtains the function 𝑓 (𝑦) in Fig.  12(b). This function is similar to 
the dashed curve in Fig.  11(a), although in the current case, the two 
extremities of 𝑓 (𝑦) are no longer forced to be equal to 1: 𝑓 (±7) < 1
in Fig.  12(b). Panel (c) shows 𝑄ls calculated with the aforementioned 
𝑓 (𝑦). The key quantity related to beach erosion, −d𝑄ls∕d𝑦, is given by 
panel (d), which is similar to Fig.  11(b). Such similarity is striking, 
8 
Fig. 12. An array leading to large growth factor G. (a) wave field: plot of 
array layout and wave transmission coefficient of incident waves. Devices are 
represented by drawn-to-scale (0.2 × 0.3 m) rectangles. The dashed white line 
marks the end of the beach (𝑥 = 8.79 m). The transmission coefficient plot is 
generated using the method in [17], assuming a flat sea bottom (i.e. neglecting 
the beach slope in this paper); (b) wave shadow: the function 𝑓 (𝑦), which 
is a cross-section of plot (a) at 𝑥 = 2.79 m (i.e. 6 m away from the end of 
the beach); (c): the 𝑄ls curve. (d): −d𝑄ls∕d𝑦 curve, for which G = 1.323. (e) 
nearshore currents.

because although the present array optimisation does not start with a 
‘‘V’’ shaped initial 𝑓 (𝑦) as in Fig.  11(a), the final result is similar. The 
nearshore currents are shown in Fig.  12(e).

An obvious feature of Fig.  12(d,e) is that local erosion and accretion 
‘‘hotspots’’ are observed near 𝑦 = ±6 m, similar to Fig.  11(b). Con-
sequently, a high G does not necessarily reduce the risk of localised 
extreme erosion (e.g. deep scour rip channels amid general accretion). 
Although in reality, these hotspots may not translate directly to intense 
localised beach erosion/accretion (e.g. due to nonlinear effects, limi-
tations in modelling), in the next section, a new optimisation goal is 
proposed to avoid these hotspots to promote more predictable shoreline 
behaviour.

4.5. Design objective II: minimising erosion hotspots

In the previous section, we showed that while maximising G im-
proves beach accretion, it may cause localised erosion hotspots. To 
address this, we redefine the optimisation objective by minimising the 
following quantity: 

 ≡ ∫

𝐿

−𝐿

[

(

d𝑄
d𝑦

)2
+
(

d2𝑄
d𝑦2

)2]

d𝑦, (22)

where, minimising the first derivative term avoids sharp gradients 
(i.e. sudden erosion/accretion jumps); minimising the second deriva-
tive term reduces curvature of the 𝑄  curve, increasing smoothness. 
ls
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Fig. 13. An array leading to ‘‘smooth’’ erosion curve (minimising ). (a) wave 
field: plot of array layout (rectangles are OWCs viewed from top) and wave 
transmission around the array; (b) wave shadow: the function 𝑓 (𝑦), given by a 
cross-section of plot (a) at 𝑥 = 2.79 m; (c): 𝑄ls. (d): −d𝑄ls∕d𝑦 curve, for which 
G = 1.005 and 𝑆 = 5.97 × 10−6. (e) nearshore currents.

Minimising the sum of the two is expected to help avoid erosion and 
accretion hotspots in the previous section.

Using only step 1 of optimisation in Appendix  B, the array layout in 
Fig.  13 is obtained. Despite the array’s irregular appearance it produces 
much smoother d𝑄ls and −d𝑄ls∕d𝑦 curves, panels (c) and (d). The 
latter shows no erosion and accretion ‘‘hotspots’’; instead, only one 
centralised accretion region that transits smoothly to neighbouring 
erosion regions is observed. The nearshore currents in panel (e) has 
only one pair of cells.

4.6. Power-generation considerations

So far, the present paper did not consider power generated by the 
OWC array in its optimisation studies. Power extraction is of central 
importance to traditional WEC arrays. However, for dual-purpose array 
design, its importance can be reduced compared with the arrays’ coastal 
impacts. As [12] already implied, arrays with similar power outputs can 
give rise to qualitatively different beach responses. In the present paper, 
this is also true. Specifically, for the 16-same-device arrays considered, 
for a particular monochromatic wave frequency 𝜔, the absorbed power 
of device 𝑖 is given by: 

𝑃𝑖(𝜔) =
1
2
𝐾PTO 𝜔

2
|𝛯𝑖(𝜔)|

2. (23)

where 𝐾PTO is PTO damping and 𝛯 is the response amplitude in an 
OWC device. Hence the total array power scales as 

𝑃array ∝
16
∑

|𝛯𝑖|
2. (24)
𝑖=1

9 
Accordingly, ∑16
𝑖=1 |𝛯𝑖|

2 can be employed as a relative performance in-
dicator for comparing array layouts. Using the optimisation procedure 
in Appendix  B but changing the objective to maximising ∑16

𝑖=1 |𝛯𝑖|
2, 

one obtains 0.05174 as the optimal value. Comparably, for the array 
layout in Fig.  12, the corresponding value is 0.04892; while for the 
layout in Fig.  13, the value is 0.05002. Both of them are not far from 
the best value (only 5.45% and 3.33% lower, respectively). In view of 
that, as an initial study we refrain from adding the (well-known) power 
analysis into the optimisation framework, to ensure that the focus is on 
explaining the (relatively less well-studied) coastal protection aspects 
thoroughly. Finally, we note in passing that since the power removed 
by a PTO can be controlled, it is possible to operate the array in two 
modes: power generation and coastal protection.

5. Conclusion

From a methodological perspective, the present semi-analytical ap-
proach enables a computationally inexpensive link between an ar-
bitrary wave shadow function and beach responses. Previous semi-
analytical treatment of currents [23] was restricted to idealised si-
nusoidal perturbations in wave height (unrealistic for WEC arrays) 
and it did not consider sediment transport, while numerical mod-
els [e.g. 14] capable of handling WEC-generated wave fields remain 
costly for large-scale optimisation studies. By generalising the classic 
formulation of [23] to arbitrary wave shadow shapes and coupling it 
to a sediment transport model and a WEC-wave interaction model, the 
present method bridges the above gap and allows hundreds of array 
layouts to be assessed within 𝑂(10) minutes on an entry level laptop 
computer. 

Physically, the results show that the shape (spatial distribution) 
of the wave shadow along the shoreline plays a more important role 
than its magnitude, concurring with [12]. Arrays that produce similar 
overall reductions in wave energy can generate qualitatively different 
nearshore circulation patterns. In particular, sharp gradients in the 
wave shadow tend to create erosion hotspots, whereas smoother varia-
tions correspond to gentler shoreline response. This implies that max-
imising wave attenuation [e.g. 17] is insufficient as a coastal protection 
strategy.

From an engineering point of view, the optimisation studies indicate 
that the rip currents behind WEC arrays [42] can be controlled. This 
study also demonstrated that prioritising coastal protection does not 
necessarily imply a significant sacrifice in energy generation perfor-
mance. Arrays optimised for sediment transport characteristics can 
achieve power absorption levels close to those of arrays optimised 
purely for energy extraction. Hence (for the OWCs and wave condi-
tions considered here) coastal protection and power generation can 
be co-optimised. This finding supports the viability of dual-purpose 
WEC arrays as adaptive infrastructure, capable of responding to evolv-
ing shoreline management needs without undermining their role as 
renewable energy sources.

As an initial study, the model is subject to several limitations. 
It relies on simplifications such as monochromatic, normally inci-
dent waves, linearised governing equations for currents (lacking a 
proper model for viscous effects), and empirical parameters that may 
vary across sites. It also assumes a simple planar beach, flat offshore 
bathymetry, and neglects wave–current interactions in the surf zone. 
The WEC array model assumes the wave shadow function 𝑓 (𝑥, 𝑦) is un-
affected by shoaling. While qualitative agreement with laboratory and 
numerical experiments was found, dedicated experimental validation is 
required. 
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Appendix A. Comparing with a classic example

In [23], whose method is used as a foundation of the present study, 
the beach slope 𝑚̃ = 1∕12 and the offshore water depth is ℎ0 = 0.75
m. Offshore wave height is 𝐻0 = 0.0645 m with period 𝑇 = 1.14 s. The 
author considered a canonical form of 𝑓 (𝑦) consisting of only one cosine 
function (i.e. 𝑁 = 1 in Eq. (6)) generated by e.g. edge waves [43]. It 
reads 
𝑓 (𝑦) = 1 + 𝜖 cos(𝜆𝑦), (A.1)

where 𝜖 ≪ 1, suggesting that the 𝑦-dependent term is relatively small. 
The exact value of 𝜖 does not qualitatively change the results; here it 
is set to 0.2. Moreover, 𝜆 is a nondimensionalised wavenumber, set to 
be a proportion of 𝑥b (see p. 5745 of [23]): 

𝜆 = 2𝜋
5𝑥b

. (A.2)

Note that Eq. (A.2) does not apply to any other case in this paper.
The bottom friction coefficient 𝑐 in Eq. (8) is assumed to be (see p. 

5745 of [23]): 

𝑐 = − 1
1.6

𝐵1𝑚̃2(1 −𝐾)2

𝜆4
(A.3)

where 𝐵1 is defined by Eq. (7). Similar to Eq. (A.2), Eq. (A.3) does not 
apply to any other case of this paper.

To implement the method in this paper, discretising the function 
Eq. (A.1) to obtain 15 data points (red dots in Fig.  A.14a), and use an 
8-term Fourier series (i.e. 𝑁 = 7 in Eq. (5)) to describe it (blue curve 
in Fig.  A.14a). The results are shown in Fig.  A.14(b, c). Fig.  A.14(c) 
is explained first. It plots the streamfunction 𝜓 given by combining 
Eqs. (10) and (12) to cover both the surf zone (𝑥 < 𝑥b) and the shoaling 
zone (𝑥 > 𝑥b). Note that the 𝜆𝑦 range is limited to (0, 𝜋). As a result, 
Fig.  A.14(c) shows only one circulation cell in a pair; the other cell that 
resides in 𝜆𝑦 ∈ (𝜋, 2𝜋) is a mirror image of the shown cell. Between 
these two cells, at 𝜆𝑦 = 𝜋, a rip current flowing from the beach to 
the ocean exists. Fig.  A.14(b) is a cross-section of the streamfunction 
in Fig.  A.14(c) at 𝜆𝑦 = 𝜋∕2, showing that the current activity reaches 
maximum near the wave breaking point 𝑥b. These plots are drawn in 
the same style as Fig. 6 of [23] to facilitate comparison: the streamlines 
10 
Fig. A.14. Reproducing Fig. 6 of [23] by the method in this paper. (a) the 
wave shadow function 𝑓 (𝑦) (cf. Eq. (6)). Red dots are data points while the 
blue curve is Fourier series fit; (b) cut-away of panel (c) at 𝜆𝑦 = 𝜋∕2; (c): 
stream function 𝜓 .

in Fig.  A.14(c) show direction only; their magnitudes rely on additional 
labels on curves. These plots replicate the results of [23], providing a 
validation of the algorithm of the current paper.

Appendix B. Additional details for Section 4.4.3

The constraints of optimisation are:

(1) same as the case in Section 3.3, the array will consist of 16 
OWC-type devices with the same specifications (detailed in the 
Supplementary Material);

(2) the array is placed offshore where the bottom is flat
(see e.g. Fig.  1a). The array’s location should not be too far from 
the beach, for experimental viability and for beach protection 
effectiveness. The first row of the array must be located at 𝑥 >
8.79 m, while the last row should be placed within 𝑥 < 2 × 8.79 =
17.58 m. The first condition ensures that no part of the array is on 
the beach; the second condition ensures the array size does not 
exceed the size of the experimental section of a wave basin;

(3) the spanwise extent of the array is restricted to 𝑦 ∈ (−5.94, 5.94) m 
to avoid device being placed close to the edge of the wave basin;

(4) the minimum centre-to-centre distance between two devices must 
be above zero, to avoid obtaining the same ‘‘wall-like’’ array in 
Section 3.3;

(5) it is assumed that the wave shadow function 𝑓 (𝑥, 𝑦) downwave of 
the array is unaffected by the presence of the beach, i.e. 𝑓 (𝑥, 𝑦)
at a beach location 𝑥 is the same as if the water depth at 𝑥
is the offshore water depth, 0.586 m. Such an assumption is 
partially justified in view of Eq. (SM19) in the Supplementary 
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Material where the height of the waves on the beach is linearly 
proportional to the offshore wave height 𝐻0.

(6) the 𝑓 (𝑦) used in Eq. (5) is 𝑓 (𝑥, 𝑦) evaluated at 𝑥 = 2.75 m.
(7) other aforementioned assumptions remain, e.g. neglecting wave–

current interactions, etc.

A two-step optimisation scheme is implemented:

S1 obtaining a ‘‘good’’ array by a random search. Each device’s 𝑦-
coordinate is randomly chosen from a list of six values given 
by 0.54 + 1.08𝑛, 𝑛 = 0, 1, 2...5, i.e. {0.54, 1.62,… , 5.94}. This is to 
ensure that the 𝑦-distance between each column of the array is at 
least three times the characteristic dimension of the OWC to allow 
access to devices by creating ‘‘navigable channels’’ aligned with 
the 𝑥-direction. This is practical, because the wave is assumed 
to incident along the 𝑥-direction, and it is generally safer for a 
maintenance vessel to sail along the 𝑥-direction (‘‘head seas’’) 
instead of the 𝑦-direction (‘‘beam seas’’). The 𝑥-coordinate of 
a device is a random number between (8.89, 17.48). The lower 
bound 8.89 m is 0.1 m more than 8.79 m, and the upper bound 
is 0.1 m less than 17.58 m, considering that the device’s half-
thickness is 0.2∕2 = 0.1 m. Note that unlike the 𝑦-coordinate 
which can only be chosen from six values, a device’s 𝑥-coordinate 
choices are infinite. During a typical random search, 300 different 
arrays are considered. The array with the largest G is chosen.

S2 perturbing the ‘‘good’’ array to find a ‘‘better’’ array. The coordinates 
of the ‘‘good’’ array are perturbed; each coordinate is changed in 
small steps (e.g. 0.1 m) to explore whether these changes improve 
G of the array. If no improvement is found, the code attempts a 
larger random perturbation to escape the local maxima. The code 
keeps track of the best configuration found, and produces updates 
whenever an improvement in G occurs. This is a simple trial-and-
error strategy, using only the values of functions as guide, without 
needing derivatives or gradients of functions.

Appendix C. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.renene.2026.125497.
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